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Abstract : In practice, when a supplier wants to succeed in the
competitive business world, unexpected inventory in the factory
or change in the production run of the product, he/she may offer
a special price discount to motivate buyers to order a special
quantity. In this paper, we have introduced the fuzzy economic
order quantity model with imperfective items under a one-time-
only discount. Two fuzzy inventory models are discussed with
fuzzy parameters for crisp order quantity or fuzzy order
quantity in order to extend the order quantity inventory model to
the fuzzy environment. We use function principle as arithmetical
operations of fuzzy annual inventory cost, and use the graded
mean integration representation method to defuzzify the fuzzy
total annual inventory cost. Then we use the Lagrangean method
to find the optimal economic order quantity of the fuzzy
inventory model. Furthermore, a numerical example is provided
and the results of fuzzy and crisp models are compared.

Keywords : Function principle, one-time-only discount, imperfect
quality, graded mean integration representation.

I. INTRODUCTION

To make the imperfective product to reach the public
easily, the manufacture do the advertises with one-time-only
discount. This leads to attract the people to make use of the
product consistently.

Since the olden days onwards the EOQ and EPQ models
are popular and being used for the inventory management.
The EPQ is the next version of the EOQ model, replacing the
assumptions of simultaneous replenishment. However, one of
the weaknesses of current inventory models is the unrealistic
assumption that all items produced are of good quality [1].
Defective items, as a result of considering imperfect quality
production process were initially considered by Rosenblatt
and Lee [2], Porteus [3].

Recently, Salameh and Jaber [4] who presented a model
with imperfect rate to be a random variable and all the
imperfective items can be shipped in a single lot at a
discounted price. Cardenas — Barron [5] corrected a mistake
that appeared in the work of Salameh and Jaber. Goyal and
Cardenas — Barron [6] reconsidered the work done in [4] and
presented a practical approach for determining the optimal lot
size. H.C. Chang [7] developed EOQ model having imperfect
quality without shortages in which demand and defective rate
and then derived the corresponding optimal lot size. H.M.
Wee et al [8] extended the inventory model having imperfect
quality with shortage backordering. Aucamp and Kuzdrall [8]
considered an economic order quantity for a one-time-only
discount and the impending price increase by minimizing

© 2012 JCT JOURNALS. ALL RIGHTS RESERVED

discounted cash flows. They also gave two situations which
are frequently faced in explain the reasonableness of the issue
of only tine only discounts. W-K Kevin Hsu, H-F. Yu[10]
investigate this paper is to investigate an EOQ model with
imperfective items under a one-time-only sale, where the
defectives can be screened out by a 100% screening process
and then can be sold in a single batch by the end of the 100%
screening process.

In this paper, an inventory model having imperfect items
under one-time-only discount where demand, defective rate,
ordering cost, purchasing cost, and screening rate is
trapezoidal fuzzy number. Two inventory models are
discussed. The first model is fuzzy inventory model for crisp
order quantity. The second model is fuzzy order quantity. To
find the economic order quantity in the fuzzy sense and then
derive the corresponding optimal lot size.

1.1. Notation

The notation used in this paper is in the following.
the demand rate

the purchasing cost per unit

the holding cost rate per unit / per unit time
the ordering cost per order

the defective percentage

the screening rate, s > A

the screening cost per unit

ordering quantity

the super script representing optimal value

t< s 0o oo >

Il. CRISP MODEL
Pictorially, Salameh and Jaber’s Model [4] can be
illustrated as Fig.1, where y (1-p)/A is the cycle length, y, is
the number of imperfective items with drawn form inventory
and y/s is the total screening time of y unit ordered per cycle.

A

Inventory level

b Wl -p) [4 “
Time

Fig.1. The behavior of the inventory level over time for Salameh & Jaber’s model
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For a given percentage of imperfective items in each y. The
total cost per cycle, C(y), consists of procurement cost,
screening cost and holding cost.

Since the cycle length if y (1-p)/A, the annual cost T(y) can
be derived as

] ya-p’,yell_»
T(y)-{<a+cy)+wy+cb{ - }} 2

Also, the optimal y then can be found as
e | 2a.h.s

) \j [o[s(-p)* +2p]]

In case, all items are of perfect quantity the result becomes

i.e. p = 0 then the y" will reduce to FL;” the traditional
c
EOQ.

I1l. METHODOLOGY
3.1. Graded Mean Integration Representation Method

Chen and Hsieh introduced Graded Mean Integration
Representation method based on the integral value of graded
mean h-level of generalized fuzzy number for defuzzifying
generalized fuzzy number.

Suppose A is a generalized fuzzy number as shown in
Fig.2. It is described as any fuzzy subset of the real line R,
whose membership function, MKz satisfies the following
conditions:

1. M;(x) is a continuous mapping from R to the closed
interval [0, 1].
Hi(X) =0, -0<Xx<aq,

H; (X) =L(x) is strictly increasing on [ay, a;],
Hi(X) =W, <X <3,

1; (x) = R(x) is strictly decreasing on [as, as],

o g~ wDN

pi(x) =0, <X <o,

where 0 < wa <1, and a;, a,, az and a, are real numbers.

Also this type of generalized fuzzy number be denoted as
A= (ay, 8y, as, as; Wa)LR. When w, = 1, it can be simplified
as A = (ay, ay a3, a4) LR.

Second, by Graded Mean Integration Representation
Method L™ and R™ are the inverse functions of L and R,
respectively, and the graded mean h-level

1 A

Bt

/ Rix)
h , \

( a; L (h) az h(L" (h)+R (h))/2 a

R'(h)

F:ig.2. The graded mean h-level value of generalized fuzzy number
A = (a1, az, a3, ag; Wa ) LR
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value of generalized fuzzy number A= (ay, @, as, a4, Wa)L
is h(L*(h) + R?*))2. Then Graded Mean Integration
Representation of A and P ( A ) with grate wa, where

P(A) = j ["(m;R(h)jdh/wfhdh

withO<h<waand 0 <wp <1,
Throughout this paper, we have only use popular
trapezoidal fuzzy number as the type of all fuzzy parameters

in our proposed fuzzy production inventory models. Let B be

a trapezoidal fuzzy number, and be denoted as B = (by, by, bs,
bs). Then we can get the Graded Mean Integration

Representation of B by formula (1) as
1
P(B) :f (b +b, +(b, b —b,+b )h dh/.[hdh
0

b, +2b, +2b3+b4
6

3.2. The Fuzzy Arithmetical Operations under Function
Principle
The fuzzy arithmetical operations under function principle
In [11], Function principle is proposed to be as the fuzzy

arithmetical operations by trapezoidal fuzzy numbers. We
describe some fuzzy arithmetical operations under Function
principle as follows:
Suppose A= (a‘l! aZ! a-3! a4)
and B = (by, by, bs, by) are two fuzzy trapezoidal fuzzy
numbers. Then
1. The addition of A and B is

A @ B =(cy, Cp, C3, Co)

where T = {a1+b1, a,+by, azt+bs, a4+b4}

where aj, a, ag, a4, b1, by, bz and by, are any real numbers.
2. The multiplication of A and B is

A (&) é = (Cl, Cy, Cg3, C4)

where T = {a.lbl, aoh,, asbs, a4b4}

T, = {ahy, asbs, azhy, ashs}, C; = min T, C, = min Ty,

Cs=maxT,Cs=max T;.

If a;, a,, a3, as, by, by, bz and by are all non zero positive

real numbers, then A ® B = {a;b;, a,b,, ashs, asbs}
3. -B = (-by, -bg, -by, -by), then the subtraction of A and B

IS A © B ={a-by a- b a5- by, arh}

where a, a, a, a4, b1, by, bz and by are any real numbers.
l_g i, i, i, — | Where by, by, bs and b, are
B b, b, b, b
any real numbers. If aj, a, as, a4, by, b,, by and by are all
non zero positive real numbers, then the division of A

and B is

ATB_[n %A a
b, b,’ b, b

5. Letx e R.Then
() a20,a® A = (0ay, 0y, 03, 0ds)
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(ii)a<0,0® A = (0as 0ds 0dy, 0d;) a,\, . A, .\ WA, . c,b,y, (1-p,) . c,b,Y,P 1,
1- 1- 1- 2 1-

4.1. The Fuzzy Inventory Model for Crisp Order Quantity Az, + Cih, + Wikg + C,b,y, (1-p,) + Cah,Y,PsA,

Throughout this paper, we use of the following variables in Y, (1-ps)  (1-p;) (1-p,) 2 s, (1-p,) '
order to simplify the treatment of the fuzzy order inventory
model. ah, + A + WA, +C4b4yp (1-p,) +C4b4ypp4}\'4

L Fuzzy demand rate Yo(1-p) (-p,) (1-p,) 2 s,(1-p,)

C  Fuzzy purchasing cost per unit We can get the optimal order quantity y; when P(T(9)) is

B Fuzzy holding cost rate per unit / per unit time . . . I N

A Fuzzy ordering cost per order minimized. By taking the first derivative of P(T(9))with

P Fuzzy defective percentage respect to Y.

S Fuzzy screening rate, S > & oP(T) _ 1{_i[ Al ok, Bk Ay J

~ 2

W Fuzzy screening cost per unit Y, 6 y\(-p) (p,) (1-p;) (1-p,)

yp  Crisp order quantity 1

§,  Fuzzy order quantity +§[Clbl(1_p4) +2¢,b,(1-p,) + 2¢;b; (1-p,) + ¢,b, (1-p,)]
|_~et A = (all a21 a31 a421 5’\,: (7\411 7\427 7\/31 7\44)1 ? = (pl: va p3: p4): + Clblpl}\'l +2 C2b2p27\'2 +2 c3b3p3)\'3 + C4b4p4}\‘4
C = (Cll CZ! C3| C4)v W = (le Wo, W3| W4)l B= (bll bZl b3| b4) 34(1 - pl) 83(1 - pz) SZ (1 - p3) Sl(l - p4)
and S=(sy, S, S3, Sa). 5

The annual cost T(y) is fuzzy sense is given by With respect to w =0

TO)=[(Aei)= (v,®(1-P)e(Cei

- 2|:( al}\‘l +2 az)‘z +2 a37\‘3 + aA}"A J:|
7\ = = . 1- 1- 1- 1-
( 7») = (1_p)) y, = ( pl) ( pz) ( pa) ( p4)

IS Clb1(1'p4)+202b2(1'p3)+2C3b3(1'pz)+c4b4(1'p1)
v, ® (1-))=2) \ +2H(:1blplkl Lok G cbipil, ﬂ

S4 (1'p1) Sg (1'p2) S, (1'p3) S (1'p4)

4.2. The fuzzy inventory model for fuzzy order quantity
In this section, we discuss the fuzzy order inventory model.
Here by changing the crisp order quantity into fuzzy order

Where _ ®, ®and 0 are the fuzzy arithmetical

) . L. quantity. The fuzzy order quantity y_ be a trapezoidal fuzzy
operations under function principle P
- ah oA Wik C1b1Yp (1-p,) Clblyp Py nur_nbe[' .
Oy ey ey e T 2 sawy e T T e Y Yo vy ith
p 1 1 1 4 1
ah, + C,A, + W,A, +C2b2yp(l-p2)+02b2ypp2)\'2 O<yp1 : Y, : yp3 : Y.
y,(1p,) (1) (1p,) 2 s,(1-p,) ' Thefuzzy annual cost
Bk, by, Wiy GDY, () cbypd  TO) =[(Ae )T (3,0(1-P)) @ ((Cei)T
yp(l_p3) (1-ps) (1-ps) 2 S,(1-p,) , =
ad, |, Che | Wi +c4b4yp(1-p4)+c4b4ypp47»4}
yp(l'p4) (1'p4) (1'p4) 2 S1(1'p4)
P(T®) =
1 H ah ok wh +clblyp(l-pl)Jrclblypl%}+
6| Yo(I-p) (1-p) (1-py) 2 s,(1-p,)
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T®)=
al)\'l + Cl)\'l + Wl)\’l + Clblyp1 (1-p1) + Clblyp1 pl}\'l ,
ym (1'p1) (1'p1) (1'p1) 2 S, (1'p1)
a,n, + C,oA, + WA, + c,b,y,, (1-p,) + C,b,Y,, P21,
ypﬁ(l'pz) (l'pz) (l'pz) 2 53(1'p2) ,
Ak, Cohs waky , CaDa¥p (1-P5)  CabaY, Psts
yp2 (1 - p3) (l - ps) (1 - ps) 2 52(1 - p3) ‘
a47\44 + 047\/4 + W47\14 + C4b4yp4 (1 - p4) + C4b4yp4 p4}\'4
yp1 (1'p4) (1'p4) (1'p4) 2 Sy (l'p4)
Also, we can obtain the graded mean integration
representation of T(y).
P(T®)) =

1) _ar | ocr  wihy Gby, (1) cby, iy
6 ypA(l-pl) (1'p1) (1'p1) 2 54(1'p1)

+ C,oh, n w,A, i CZbepz (1-p,) + Czbzypzpzkz

+ a27‘2
yp3 (1'p2) (1'p2) (1'p2) 2 S3 (1‘p2)
a3>\43 + 039\43 + W37\43 + Ci’ob3yp3 (1-p3) + C3b3yp3 pS}\‘?o
yp2 (1‘p3) (1'p3) (1'p3) 2 Sy (1‘p3)
+ a,\, + Cihy + WA, + C4b4yp4 (1-p,) + C4b4yp4 Py
yp1 (1'p4) (1'p4) (1'p4) 2 S (1'p4)
with 0<y, <y, <y, <Vy,.

If we replace inequality conditions 0<y, <y, <y, <y,
into the following inequality.

Yo, Yo, 20Y, -V, 20y, -y, 20andy, > 0.
Extension of the Lagrangean Method is used to find the
solutions of Y, , Y, + Y+ Yy, to minimize P(T(9)).

Step 1: Solve the unconstraint problem
Minimize
P(T®) =
{:117»1 n 017\.1 + W17‘1 +Clb1ypl (1_p4)+c1blyp1p17\‘l +
L yp4 (l'pl) (1'p1) (1'p1) 2 54(1'p1)

2_ ah, + c,A, +W27»2 +Czb2yp2(1'pz)+Czb2ypzp27“2 +
_yp3 (1'pz) (l'pz) (1'p2) 2 53(1'p2)

azh, + Coh, + WA, +C3b3yp3 (1'p3)+03b3ymp3>‘3 +
_yp2 (1‘p3) (1‘p3) (1'p3) 2 52(1'[33)

" c4k4 i W47&4 " CAb4yp4 (1'p1) + C4b4yp4p47\'4 :H

ol

ah,
yp1 (1'p4) (1'p4) (1'p4) 2 S (1'p4)
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To find the minimization of P(T(¥)), by taking the first
derivative of P(T(y))with separateto Y, , Y, .Y, . Y,, then let
all the partial derivatives equal to zero.

5
1- P,

We get

L c,b.pA
c,b,(1- +2 A
1 1( p4) 54(1-p1)

1)

y = 1-p,
P2 c,b,p,A
2c,b,(1-p,) +42222
2 2( p3) 53(1_p2)

4[%}

y — 1'p2
Ps c,b,p A
2c,b,(1-p,) +423733
o s, (L)

)

1-
yp4 = pl

C4b4p4>\‘4
Sl(l - p4)
But y, >y, >Y, >V, It does not satisfy the constraint

C4b¢1(]- - pl) +2

0< Yo, S VYo, SY,, <Y, therefore K = 1 and go to step 2.

Step 2 : Convert inequality constraint into equality constraint
and optimize P(T(y)) subject to equality constraint is

Yo, = Yy, =0 by the Lagrangean Method. We have
L (Yo, Yoo Yoo Voo 1) = P(TO)) = A(3p, = ¥,).

To find the minimization L(ypl,ypz,ypa,ym, x) of the
derivative of L(ypl,ypz,yps,ym,k) with  respect to

yp1’ ypz ! yps’ yPA and 2.
Let all the partial derivatives equal to zero and solve
Yo, Yo, ¥p,+ ¥, then we get

yp1 = ypz:
2{ a,A, +
(1'p4)

2 a3)\’3 :|
(1 - ps)

|ttt P+ 260,00+ Zﬁscl(bf P a e ?prz)ﬂ
4 1 3 2
4820
Yy, = 1-p,
P3 c.b p x
2¢.b.(1-p,) + 4335373
\ ’ 3( pZ) Sz(l'pa)
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2 al}\‘l
- 1- P,
yp -
' C4b4 (1 - pl) + ZM
Sl (1 - p4)
Here Yo > Yo, it does not satisfy the

constraintO<y, <y, <y, <Yy,. Therefore it is not a

local optimum. Therefore K = 2 and go to step 3.
Step 3 : If we select any other one inequality constraint to be
equality constraint. Convert the inequality constraints

Yo, = Yo, 2 0 and Yo, = Yy, 2 0 into inequality
constraintsy, -y, =0 and y, -y, = 0. we optimize
P(T(9)) subject to the constraints Yo, " Yo, =0
Yy, - ¥, = 0 by Lagrangean Method.

We construct the Lagrangean function

L(Yp» Yoo Your Yorr Mo o)

= P(T(y)) - kl(ypz - yul) - kz(yh - ypz)'

By taking the partial derivatives of
L(Yo+ Your Yous Your Mo Ags &g ) With respect to
ypll yp2 1 yp3! )/pA H }\‘1) )\’2 and 7\'3'

Let all the partial derivatives equal to zero and solve
ypI, ypz ! ypa and ypA we get

S Y1 TY, Ty =
aghy

2{ ah, +2 2 a,\, :|
(1'p4) (1'p3) (1'p2)

Clbl(l - p4) + 2C2b2 (1 - pa) + 203b3(l - pz)

+2 [ c,b,p, Ay +2 Cc,b,p, A, ) Cab05P514 j
54(1 - pl) 53(1 - pz) S, (1 - p3)
oL -0
ayPA
2a,\,

y _ (1 B p1)

Pa

c,b,(1-p,)+ 2(:4b47p‘17»4
51(1 - p4)

But Yo > Y, it doesn’t satisfy the constraint

0<y, <Yy, <Y, <VY,,, therefore it is not a local optimum.

Set K =3 and go to step 4.
Step 4 : Convert the inequality constraints into the equality
constraints Inequality constraints is

sz - ypl 2 O' yps B ypz 2 Oand yP4 - yp

3

0.

Equality constraints is
ypz - yp1 = 0’ yps - ypz = Oand ypA - yp3 = O
We construct the Lagrangean function

L (Y Vo, Yous Vors s Do )
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= P(T(Sl)) - kl(ym' ypl) ) (ypg' ypz) - }‘3(ypa' yps)'
By taking the partial derivatives of L(ypl Yo, Yo, Yo, 1 Mo A ka)
with respectto Y, , ¥, Yy, s ¥, Mo A, and A,

Let all the partial derivatives equal to zero and

solvey, ., Y,, .Y, andy, . Then we get,

Y TY,TYs YL E
azh, ayh,

2{ ah, +2 + ah :|
(1-p)  (@-p))  (@A-p)  (@-p)
c,b, (1-p,)+2c,b, (1-p,)+ 2¢,b, (1-p, )+ c,b, (1-p,)

+2H c,bp A ) n AN AN ]:|
S4 (1'p1) 51(1' p4)

c,b,p,,
S3 (1'pz)

Csbspsks
S, (1'p3)

—

The above result satisfies all inequality constraints.
Therefore it is a local optimum solution

Lety, =¥, =Y, = Y5, = Ypr

Then the optimal fuzzy order quantity is
Y, = (Y5 ¥;. Y0 V) where

2{ By, o Bk ak, Ak }

y* — (1 - p4) (1 - pa) (1 - pz) (1 - pl)

p

Clbl(l'pA) + Zczbz (1'p3) + 203b3 (1'p2) + C4b4 (1'p1)
42 [Clblpl)\’l ) n AN \J
54 (l'pl) sl(l'p4)

V. NUMERICAL EXAMPLE

C3b3p3k3
Sz (1'p3)

c,b,p,A, L2
53 (1'p2)

—

5.1 Crisp Model

Demand rate, A = 8000units/year
Purchasing cost per unit, ¢ = 12/unit

Holding cost rate per unit, b = 0.1/unit
Ordering cost, a = 80/cycle
Screening rate, s = 24000units/year
Defective percentage, p = 0.1

Optimal order quantity T(y) = 1103.05

5.2 Fuzzy Model

Let X = (7900, 8000, 8000, 8100)
C =(11,115,125,13)

B =(0.095, 0.1, 0.1, 0.105 )

A =(79.5, 80, 80, 80.5)

S = (23000, 24000, 24000, 25000)

P =(0.095,0.1, 0.1, 0.105)
Fuzzy optimal order quantity y; =1101.97

TABLE : 1
BV B
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1 8100 1108.23
2 8200 111455
3 8300 1120.98
4 8400 1126.57
5 8500 1133.13
TABLE: 2
S.No P Yo
1 0.11 1109.01
2 0.12 1116.05
3 0.13 1123.16
4 0.14 1130.29
5 0.15 1137.36
TABLE: 3
S.No S Yo
1 25000 1103.62
2 26000 1105.17
3 27000 1106.68
4 28000 1108.02
5 29000 1109.28

VI. CONCLUSION
This paper proposes fuzzy model of an inventory problem
with imperfect items under one-time-only discount. It may be
possible and reasonable to discuss the fuzzy inventory models
with trapezoidal fuzzy number for crisp order quantity y,, or
for fuzzy order quantity ¥, The demand, holding cost,

ordering cost, purchasing cost, screening rate and defective
rate are taken as fuzzy trapezoidal fuzzy number. We find that
the optimal fuzzy order quantity ¥, or the optimal crisp order

quantity y; will become

2al\s
cb[s(1-p)* + 2p |

The optimal solution by the proposed method is closer to
the crisp solution.

From Table 1 it is observed that the economic order
quantity increases when demand increases if all the items are
same. From Table 2 it is observed that the economic order
quantity increases when the defective percentage increases
when all other items are same. From Table 3 it is noticed that
the economic order quantity increases when the screening rate
increases if all the items are identical .It shows that there is no
more increase in the economic order quantity when screening
rate increases. The economic order quantity effected due to
the increases of demand and defective percentage.
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